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Abstract 

This paper (the seventh paper in a series of eight) continues the 
development of our theory of multivector and extensor calculus on 
smooth manifolds. Here we deal first with the concepts of ordinary 
Hodge coderivatives, duality identities, and Hodge coderivative identi- 
ties. Then, we recall the concept of a Levi-Civita geometric structure 
and the concepts of Levi-Civita and gauge derivatives. New formulas 
that are important in the Lagrangian theory of multivector and ex- 
tensor fields are obtained. We introduce also he concept of covariant 
Hodge coderivative. We detail how all these concepts are related. 
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1 Introduction 

This is the seventh paper in a series of eight. Here, we continue the devel- 
opment of our theory of multivector and extensor calculus on smooth man- 
ifolds. We introduce in Section 2 the ordinary Hodge coderivatives, duality 
identities, and Hodge coderivative identities. In Section 3 we recall the con- 
cept of a Levi-Civita geometric structure and the concepts of Levi-Civita and 
gauge derivatives. Several important formulas that appear in the Lagrangian 
formulation of the theory of multivector and extensor fields on smooth man- 
ifolds are obtained. 1 In Section 4 we introduce the new concept of covariant 
Hodge coderivative. We study in details how all these important concepts 
are related. Finally in Section 5 we present our conclusions. 

2 Ordinary Hodge Coderivatives 

Let U be an open subset of U Q , and let (U,g) be a metric structure on U. 
Let us take any pair of reciprocal frame fields on U, say ({e^}, {e^}), i.e., 
e M • e u = 6^. In particular, the fiducial frame field, namely {b^}, due to its 
orthonormality, i.e., b^-by = 5^ v , is a self-reciprocal frame field, i.e., b^ = & M . 
We note also that {b^} is an ordinarily constant frame field on U, i.e., 



1 In [Q we gave a preliminary presentation of the Lagrangian theory of multivector and 
extensor fields on Minkowski spacetime. A more general theory based on the developments 
of the present series of papers is in preparation. 



a ■ o b i 



0, for each \x = 1, . . . 



n. 



(1) 
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Associated to ({e^}, {e M }), the smooth pseudoscalar field on U, namely 
r, defined by 

r = y/e A ■ e A e A , (2) 

where e A = e 1 A . . . A e n G M n (U) and e A = e 1 A . . . A e n G .M n (E/), is said 
to be the standard volume pseudoscalar field for the local coordinate system 

Such r G .M n (?7) has the fundamental property 

T ■ T = T_IT = TT = 1. (3) 

It follows from the obvious result e A • e A = 1. 

>From Eq. (|HJ) we can get an expansion formula for smooth pseudoscalar 
fields on U, i.e., 

/ = (/ ■ r)r. (4) 

In particular, because of the obvious properties b A ■ b A = 1 and b A = b A , 
the standard volume pseudoscalar field associated to {b^} is just b A . It will 
be called the canonical volume pseudoscalar field for (U ,(j) ). 

We emphasize that b A is an ordinarily constant smooth pseudoscalar field 
on U, i.e., 

a ■ d a b A = 0. (5) 

Eq.fJSJ can be proved by using Eq.tJTJ and the Leibnitz rule for the exterior 
product of smooth multivector fields. 

By using Eq. © and the general Leibnitz rule for a ■ d Q we can deduce the 
remarkable property 

a-d (b A *X) = b A *(a-d X), (6) 

where * means either exterior product or any canonical product of smooth 
multivector fields. 

On the other hand we have that all ({e M }, {e M }) must be necessarily an 
extensor- deformation of {b^}. This statement means that there exists a non- 
singular smooth (1, l)-extensor field on U, say e, such that 

H = £(&/.). (7) 
e M = e*(b^), for each /i — 1, . . . ,ra. (8) 

Then, by putting Eq.^ and Eq.fJHJ) into Eq.^, we have that 

r = (e(bA)-e(b A ))^ 2 e*(b A ) = (det 2 [e]b A ■ b A f' 2 det" 1 [e]b A = sgn(det[e])b A , 
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i.e. 



r = ±b A . (9) 

>From Eq.([ni) and Eq.fJOl), by taking into account Eq.(jnj), we have two 
remarkable properties 



a ■ d r = 0, 

a-d (r*X) = r * (a • d X), for all X e M(U). 



(10) 
(11) 



Associated to ({e^}, {e M }), the smooth pseudoscalar field on U, namely 
r, defined by 

9 



T 
9 



9 



V|de%]|- 



(12) 



will be said to be a metric volume pseudoscalar field for (C/ , 
Such r G A4 n (J7) satisfies the basic property 

9 

T ■ T = T J T = T T — ( — l) 9 . 
9 g- 1 9 g~ 1 9 9g~ 1 9 



(13) 



In order to prove it we should recall that sgn(det[g]) = (— l) q , where q is the 
number of negative eigenvalues of g. 

An expansion formula for smooth pseudoscalar fields on U can be also 
obtained from Eq. (fTT?| . i.e., 



-mi ■ r)r. 

g- 1 9 9 



(14) 



Associated to r, the smooth extensor field on U, namely defined by 

*A = Xjt = Xt, (15) 

will be called the standard Hodge extensor field on U. 
Such -k is non-singular and its inverse * _1 is given by 



■k- x X = r L A = tX. 



(16) 



By using a property analogous to that result given by Eq.JTT} we can 
easily prove that the standard Hodge extensor field is ordinarily constant, 
i.e., 

a ■ d * = 0. (17) 
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Also, 

a ■ do*' 1 = 0. (18) 
Associated to r, the smooth extensor field on U, namely *, defined by 

9 9 



*X = Xjt = X t = ^\det[g]\g- l (X)^T = ^\det[g]\g-\X)r, (19) 

9 g- x 9 9~ X 9 - - 

will be called the metric Hodge extensor field on U. Of course, it is associated 
to the metric structure (U,g). 

Such -k is also non-singular and its inverse, namely * , is given by 

9 9 

^I = (-1)«tlI = (-1)*t X, 
9 gg- 1 gg- 1 

= (-l)* > /Idrt0|TL£- 1 (X) = (-iy^\g\\ T g-\X). (20) 
2.1 Duality Identities 

We present in this subsection two interesting and useful formulas which relate 
the ordinary curl d Q A to the ordinary contracted divergence d j. 

i. For all X e M{U) it holds 

r(d AX) = (-l) n+1 d ^rX). (21) 

Proof 

We will use the so-called duality identity I(a AY) = (— l) n+1 a_i(JY*), 
where a G U , I G /\ n M and Y G /\U . By recalling the known identities 
d a A (a ■ d Q X) = d AX and d a j(a ■ d Q X) = <9 g jX, and using Eq. l|TTl) . we get 

r(d A X) = r(d a A (a ■ d X)) = (-l) n+1 d a ^r(a ■ d X)), 
= (-ir +1 d a ^a-d (rX)) = (-ir +1 d 4rX)M 

ii. For all X G M(U) it holds 

v (a ° AA ' )= w 2(a ° j(T - Y)) - (22) 

Proof 

It can be deduced by using the identity 2 I Y = det -1 [g]g(IY) and 

2 In order to prove it we should use the following identities: / Y = Ig^ 1 (Y), 
Xa^iY) = £t(f(X)i_Y) and t^CO = dct_1 W, and so forth. 
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2.2 Hodge Duality Identities 

Now, we present two noticeable identities which relate the curl d Q A to the 
contracted divergence d Q j involving the standard and the metric Hodge ex- 
tensor fields * and *. 

9 

i. For all X G M(U) it holds 

*- 1 (d A(*X)) = -d jX. (23) 

Proof 

We will use the duality identity given by Eq. ([2*T| . By using Eq. ffTTT|l and 



Eq. lTr^ll . and recalling the identities d Q A Y = d a A Y and XY = Y X, and 
the obvious property rr = (— l) n , we get 

*-\d A (*X)) = r{d A (Xt)) = r{d a A (rX)), 
= (-l) n+1 d j(rrX) = -d jXM 
ii. For all X e M(U) it holds 

*-\d a (**)) = ~ J^ gidUVltemg-'iX))). (24) 

a 9 V\det\g}\- 

Proof 

We will use the duality identity given by Eq. (|22|) . A straightforward 
calculation using Eq.flZQl) and Ro. (|TSj> allows us to get 



*-\d A(*X)) = (-iy^/\d^lg]\T (d A(X r)) 

a (1 n~ -L n— -L CI 



g~ L 9 



;-l)«>/jdrt[#r 5 A( > /|ditH|f^- 1 (X)) 

-l) n+ 

detfo] 



-^^V^delMV^^^Xv^elMr^" 1 ^))), 



' ^(^det^ 1 ^))). 



2.3 Ordinary Hodge Coderivative Operators 

We introduce the so-called standard Hodge derivative operator 5 : M.(U) — > 
.M(E7) such that 

<5X = * -1 (0«> A (*X)). (25) 



6 



Its basic property is 

SX = -d jX. (26) 

It immediately follows from the Hodge duality identity given by Eq. (f23|) . 
We introduce the so-called metric Hodge coderivative operator 5 : Ai(U) — > 

9 

M(U) such that 

SX= *" x (d A{*X)). (27) 

9 9 9 

It satisfies the basic property 

SX = - 1 g(d 4V\d^gT\g-\X))), (28) 
9 7|det[sr]|- 

which is an immediate consequence of the Hodge duality identity given by 
Eq.il. 

3 Levi-Civita Geometric Structure 

We recall [2] that the Levi-Civita connection field is the smooth vector ele- 
mentary 2-extensor field on U, namely A, defined by 

A(a, b) = \g- 1 o (a • d g)(b) + u {a) x b, (29) 

* 9 

where a>o is the smooth (1, 2)-extensor field on U given by 

co (a) = -\f\d h A d c )a ■ ({b ■ d o9 ){c) - (c • d 9o )(b)). (30) 
Such ujq satisfies 

u (a) x b ■ c = -a ■ ((b ■ d g)(c) - (c • d g)(b)). (31) 

9 9 I 

The open set U endowed with A and g, namely (U,X,g), is a geometric 
structure on U, a statement that means that Levi-Civita parallelism structure 
(U, A) is compatible with the metric structure (U, g). Or equivalently, the pair 
of a-DCDO's associated to (U,X), namely (D^,D~), is (/-compatible. 

The Levi-Civita a-DCDO's and D~ are defined by 

D+X = a-d X + A a (X), (32) 
D-X = a-d X - Al(X). (33) 
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Note that A a is the so-called generalized of A . The latter is the so-called 
a- directional connection field associated to A, given by X a {b) = X(a,b). 
We present now two pairs of noticeable properties of A. 

i. The scalar divergence of X a (b) with respect to the first variable, namely 
d a ■ A (6), and the curl of X a (b) with respect to the first variable, namely 
d a A X a (b), are given by 



d a ■ X a (b) = b ■ d V\det[g}\, (34) 

vl det MI 

d a A Xl(b) = 0. (35) 

Proof 

In order to prove the first result we will use the formula r*(<9„) ■ (a ■ 
d T)(n) = det -1 [r]a ■ d det[r], valid for all non-singular smooth (1,1)- 
extensor field r. By using the symmetry property (<? -1 )^ = g' 1 and Eq. (|3TJ) . 
we can write 

d a ■ X a (b) = \d a ■ (g- 1 o (a • d g)(b) + d a ■ {uj (o) x b) 

^ 9 

= \9~ l {d a ) ■ (a ■ d Q g)(b) + ^(cT 1 ^)) x b ■ a 
= \9~\da) ■ (b-d g)(a) = \^^ b ' d o det[g]. 

Then, recalling the identity {f)- x b-d f = 2(\f\)- 1 / 2 b-d {\f\) 1 ^ valid for all 
non-zero f G S(U), the expected result immediately follows. 

To prove the second result we only need to take into account the symmetry 
property X a (b) = X (a). We have 

d a A Xl(b) = d a A d n (n ■ Xl(b)) = d a A d n (X a (n) ■ b) = ■ 

ii. The left contracted divergence of A a (X) with respect to a, namely 
d a -iA a (X), and the curl of A a (X) with respect to a, namely d a A A a (X), are 
given by 

d a ^A a (X) = JL^ frvTditBW-iX, (36) 
d a A Al(X) = 0. (37) 
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Proof 

In order to prove the first ones we will use the multivector identities 
vj(X AY) = (vjX) A Y + X A (vJY) and Xj{YaZ) = (X A Y)jZ, where 
v G U and X, Y, Z G A straightforward calculation using Eq. pH) 

allows us to get 

d a jA a (X) = d a ■ X a (d n )(njX) - X a (d n ) A (d a j(njX)) 

= j=L== {d n ■ d ^/\det[g]\)(n^X) - X a (d n ) A ((d a A n)jX), 
Vl de %]l 

d n (n ■ d y/\d^\g\\)^X - X da (d n ) A ((a A n)jX). 



Then, recalling the identity d n {n ■ d D Y) = d a Y and the symmetry property 
X a (b) = Ab(a), we get the required result. 

The proof of the second property follows immediately by using Eq.fJHEJ, 
and recalling that the adjoint of generalized is equal to the generalized of 
adjoint, i.e., A\(X) = A+(d n ) A {njX)M 

3.1 Levi-Civita Derivatives 

We introduce now the canonical covariant divergence operator, D + _i : A4(U) — 
M(U) such that 

D+jX = d a j{D+X), (38) 

i.e., D + jX = e^j(L>+X) = e^D+X), where ({e M },{e^}) is any pair of 
canonical reciprocal frame fields on U. 
Its basic property is 

D + jX = J_ d ^{y/^\\X). (39) 

V\ det m\ 

Indeed, using the identity d a j{a-d Q X) = o jX and Eq. (|36|) into the definition 
given by Eq. (|32|) . we get 

D + jI = a a j(a • d X) + <9 aJ A a (X), 

= djX + J_ {d oy /\6^\\)^X. 
V\ det m\ 

So, by recalling the identity d a j(fY) = (d a f) jI + f(d a jX), for all / G S(U) 
and Y G M.(U), we can get the proof for this remarkable property. 
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The so-called metric covariant divergence, covariant curl and metric co- 
variant gradient operators, namely D~ j , D~ A and D~ , map also smooth 

multivector fields to smooth multivector fields and are defined by 

D- j X = d a ^(D-X) = g-\d a UD-X), (40) 

D~ AX = d a A(D-X), (41) 
D- X = d a (D-X). (42) 

The relationship among these operators is given by 

D~ X = D~ j X + D~ A X. (43) 
a" 1 a' 1 

The basic properties of the metric covariant divergence are 

D- _j X = g(D + ^g-\X)), (44) 

D- j X = - 7 =2=g(d 4^\d^\g- 1 (X))). (45) 
9- 1 y/\deb\g]\- 

Eq.(I33J) follows from the fundamental property D~g(X) = g(D^X) which 
holds for any ^-compatible pair of a-DCDO's, by using the identity Xjt(Y) = 
0(X)jY). Eq.fgS} is deduced by using Eq.gU) and Eq.fSl). 

A remarkable property which follows from Eq. (|45j) is 

D~ j (D~ j X) = 0. (46) 

9' 1 9" 1 

In order to prove it we should use the known identity <9 j(<9 jF) = 0. 
By comparing Eq. (l2%l) and Eq. (j4~HJl we get 

D~ j X — -5X. (47) 
g- 1 9 

The basic property for the covariant curl is 

D- AX = d AX. (48) 

It immediately follows by using the identity d a A (a ■ d Q X) = d a A X and 
Eq. p?]) into the definition given by Eq. (|33|) . 
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The four derivative-like operators defined by Eq. (|3%J) . Eg. (f^n|l . Eq.fjUJ) 
and Eq. (j4*2l will be called the Levi-Civita derivatives. They are involved in 
three useful identities which are used in the Lagrangian theory of multivector 
fields. These are, 

(d A X) ■ Y + X ■ (D~ j Y) 

= J-^ ^-(^tl^Al) -Y), (49) 
(D- j X) ■ Y + X ■ (d A Y) 

' d -(y^t\g[\d n (njX) ■ Y), (50) 



\/l dc %]l 9 
(D- X) - Y + X ■ (D- Y) 



= 7f^=nf d ■ (^fct\g\\d n (n X) ■ Y). (51) 
Vl de %]l 9 9 

3.2 Gauge Derivatives 

Let h be a gauge metric field for g This statement means that there is a 
smooth (1, l)-extensor field h such that g = hforjoh, where rj is an orthogonal 
metric field with the same signature as g. As we know, associated to a Levi- 
Civita a-DCDO's, namely (D+,D~), there must be an unique 77-compatible 
pair of a-DCDO's, namely (D+,D~), given by the following formulas 

B&X = h(D+hr 1 (X)), (52) 
B^ a X = h*(D+rf(X)). (53) 

These equations say that (E)^ a ,D^* a ) is the h- deformation of (D+,D~). So, 
D^" a and D will be called the gauge covariant derivatives associated to 
D+mdD-. 

We present here two noticeable properties of D^ a . 
i. For all a,b,c G V(U), it holds 

(Bi a b)-c=[h(a),h- 1 (b),h- 1 (c)]. (54) 
v 

Proof 
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By using Eq. (|52|) . the identity (D+b) ■ c = | 1, and the definition of 

the Christoffel operator of second kind, i.e., < \ = [a, b, g~ l (c)], we can 

{a,b) 



write 



(Blb).c=D+(h-\b)).tfor ] (c) = {^h-il b) } = IHalh-^g-'otfonic)], 

hence, by recalling that g^ 1 = hT l o r\ o h*, the required result immediately 
follows. ■ 

ii. There exists a smooth (1, 2)-extensor field on U Q , namely fl , such that 

B+X = a-d X + Q (a) x X. (55) 

v 

Such fl is given by 

fto(a) = ~v(d b A d c )[a, /r 1 ^), /T^c)]. (56) 

Proof 

Firstly, we must prove a particular case of the above property, i.e., 

D+6 = a-d o b + Q (a) x b. (57) 

v 

We will use the following properties of the Christoffel operator of first kind 

[a, b, c] — [a, c, b] = 2 [a, b,c] — a ■ d {b ■ c), and [a, b + b\ c] = [a, b, c] + [a, b' , c] 

s 

and [a, fb, c] = f[a, b, c] + (a • d Q f)b ■ c. A straightforward calculation allows 

9 
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us to get 



n (a) x b- c= (6 Ac) • Q (a) = J(feAc) • {d p A d q )[a,h~ 1 (p),h' 1 (q)] 
n v v 2 



-det 
2 

1 



b- d p b ■ d q 
c ■ d p c- d q 



- b-d p c-dq[. . .] -b-dqC-d p [. . .] 
= h ■ d p c ■ d q ([a, h- 1 (p),h- 1 (q)] - [a, hr\q), h^p)}) 
= h-a p C'd q (2[...]-a-d (hr 1 (p).h-\q))) 

2 9 

= b - d p c- d q (p ■ bja, h7 l {bu), h~ l (c)] + (a ■ d D p) ■ c) 

v 

= b ■ bja, h~ l {b^), h~ 1 {c)] + (a ■ d a b) ■ c - (a • 9 G 6) ■ c 

= [a,^- 1 ^),^- 1 ^)] -(a -d b) ■ c, 

v 

hence, by using Eq. flSlj) , the particular case given by Eq. fjHTj) immediately 
follows. Now, we can indeed prove the general case of the above property . 
As we can see, the a-directional connection field for (D+,D~) is given 

by b i — ► fi (a) x b. Then, its generalized (extensor field) must be given by 

v 

X i — > (fi (a) x &b) A (bjX). But, by recalling the noticeable identity (B x 

v v 

d b ) A (bjX) = B x X, where Be f\U and X e f\U Q , we find that it can 

v 

be written as X \— > fi (a) x XM 

v 

We introduce now the gauge covariant divergence, gauge covariant curl 

and gauge covariant gradient operators, namely B~_i, D~A and D~ . They all 

v v 

map smooth multivector fields to smooth multivector fields and are defined 
by 

B-jX = hr(d a )4B^ a X), (58) 

B~ AX = h\d a )A{B h , a X), (59) 

D- X = h*(d a ) (Bv a X). (60) 
v v 

It is obvious that the relationship among them is given by 

D" X = B~jX + B~ AX. (61) 
v v 
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Their basic properties are given by the following golden formulas 

h*(D~ j X) = B~jh*(X), (62) 

g- 1 V 

h*(D~ AX) = B~ Ah*(X), (63) 
h*(D- X) = B~h*(X). (64) 

g- 1 V 

These formulas can be proved by using the golden formula deduced in [H], 

h*(X * Y) = h*(X) *h*(Y), where X, Y 6 /\U Q , and * means either 

g- 1 v g- 1 

exterior product or any g _1 -product of smooth multivector fields, and anal- 
ogously for *. It is also necessary to take into account the master formulas 

v 

g = W o rj o h and g^ 1 = h^ 1 o r\ o h*, and the relationship between B^ a and 
B hta , i.e., 2 (B+T7pO) = B- h , a X. 

>From Eq.(HH} and Eq.pl by using Eq.JMl) and Eq.flHBl) we find the 
interesting identities 

D_jX = TTrTi^ ° HdoM^W h- 1 oy (X))), (65) 
»? det [n\ 

D~ AX = h*(d Ah\X)). (66) 



4 Covariant Hodge Coderivative 

Let (U, , y,g) be a geometric structure on [/, and let us denote by (V+,V~) 
the g-compatible pair of a-DCDO's associated to (U,j,g). We will present 
two noticeable properties which are satisfied by the second a-DCDO. 

i. t is a covariantly constant smooth pseudoscalar field on U, i.e., 

g 

V-t = 0. (67) 
g 

Proof 

We will use the basic property and the expansion formula given by Eq. 
and Eq. lTHl) . By using the Ricci-like theorem for V~ , we have that 

(V-t) ■ t + t ■ (V-t) = 0, 
9 g- 1 g g s g 

i.e., (V-t) ■ t = 0. Then, V~t = (-1)«((2>-t) ■ t)t = 0.B 

g g- 1 9 9 9 g- 1 g 9 
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ii. For all X G M{U) it holds 

V-(r * X) = t *V-{X), (68) 

9 g- 1 g g- 1 

where * means either exterior product or any g _1 -product of smooth mul- 

g' 1 

tivector fields. 
Proof 

It can be deduced by using Eq. ffiTj) and the general Leibnitz rule for V~M 
We introduce the so-called metric covariant divergence, covariant curl 
and metric covariant gradient operators, namely T>~ j , T>~A and T>~ , 

9 _1 9 _1 

which map smooth multivector fields to smooth multivector fields. They are 
defined by 

V- j X = d a AV-X), (69) 

9 _1 9 _1 



V- AX = d a A(V-X), (70) 

V- X = d a {V-X). (71) 

9 _1 9 _1 

The relationship among them is given by 

V~ X = V- j X + V~ A X. (72) 

9 _1 9 _1 

Now, we will present two noticeable duality identities between V~A and 

T>~ j . One of them involves the metric Hodge extensor field *. 

g- 1 g 

iii. For all X e M(U) it holds 

r (V-AX) = (-iy^V- j (r X). (73) 
gg- 1 g- 1 gg- 1 

Proof 

We will use the ^-duality identity I (a AY) = (-l) n+1 a j (I Y), 

9 _1 9 _1 9 _1 

where a G W a , / G /\ n l^o and K G /\^o- A straightforward calculation by 
taking into account Eq. (|HR*| gives 

r p- A X) = {-l) n+1 d a j (r (P-X)) 

gg- 1 g- 1 gg- 1 



-l) n+1 d a _, (P-( T X)), 

9 _1 99 _1 



9" 1 Sff" 
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iv. For all X e M{U) it holds 

★ -1 (2r A (*X)) = -V- j X. (74) 
3 9 g- 1 

Proof 

We will use the duality identity given by Eq. ([73| . By using Eq. pOl) 

Eq.dm, and recalling the identities V~ A X = V~ Al and XY = YX, and 

the obvious property r r = (— l) n+q , we get 

9g- x 9 

*-\V~ A = (-I)'t /P-A^ r)) 

= (-l)V ^"ACr 1) 
= (_l)«(-l)«+i2?- j (r r X), 

g- 1 9g- x 99- x 

= -V~ j XM 

g- 1 

We introduce now the covariant Hodge coderivative operator, namely A, 

g 

as defined by A : M{U) -> .M(f7) such that 

Al= *- x (X>- A (75) 
g g g 

Its basic property is 

£>- j X = -AX, (76) 

9 

which follows trivially from Eq. (|7i|) . 

5 Conclusions 

In this paper (the fourth paper in a series of five) we continued the devel- 
opment of our theory of multivector and extensor calculus on smooth man- 
ifolds. We introduced first the concepts of ordinary Hodge coderivatives, 
duality identities, and Hodge coderivative identities. Then, we recalled the 
concept of a Levi-Civita geometric structure and the concepts of Levi-Civita 
and gauge derivatives. We also introduced the new concept of covariant 
Hodge coderivative. We studied in details how all these important concepts 
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are related and obtained several formulas which play a key role in the La- 
grangian theory of multivector and extensor fields on arbitrary manifolds. We 
believe that our results clarify many misconceptions in earlier literature on 
the subject. 
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